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Abstract. Wc characterize constant mean curvature surfaces in the three-dimensional 
Heisenberg group by a family of flat connections on the trivial bundle D x GL2C over a 
simply connected domain D in the complex plane. In particular for minimal surfaces, we 
give an immersion formula, the so-called Sym-formula, and a generalized Weierstrass type 
representation via the loop group method. 



Introduction 

Surfaces of constant curvature or of constant mean curvature in space forms (of both definite 
and indefinite type) have been investigated since the beginning of differential geometry. For 
more than fifteen years now a loop group technique has been used to investigate these 
surfaces, see [2T1 13^] • 

During the last few years, surfaces of constant mean curvature in more general three- 
dimensional manifolds have been investigated. A natural target were the model spaces 
of Thurston geometries, see [T9] . 

According to Thurston |i44j, there are eight model spaces of three-dimensional geometries, 
Euclidean 3-space M^, 3-sphere S^, hyperbolic 3-space H^, Riemannian products x M and 
X M, the three-dimensional Heisenberg group Nils, the universal covering SL2M of the 
special linear group and the space S0I3. The geometrization conjecture posed by Thurston 
(and solved by Perelman) states that these eight model spaces are the building blocks to 
construct any three-dimensional manifolds. The dimension of the isometry group of the 
model spaces is greater than 3, except in the case S0I3. In particular, the space forms M.^, E>^ 
and have 6-dimensional isometry groups. The model spaces with the exception of S0I3 
and belong to the following 2-parameter family {E{k,, t) | k, r G M} of homogeneous 
Riemannian 3-manifolds: Let 

E{k,t) = {V^^r,dsl,), 
where the domain V^^t is the whole 3-space for k > and 

T>^,r ■■= {{xi, X2, X3) eR^ \ xj + xl< -4/k} 
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for K < 0. The Riemannian metric ds"^ ^ is given by 

2 dxf + dx\ f T{x2dxi — XidX2) 

This 2-parameter family can be seen in the local classification of all homogeneous Riemannian 
metrics on due to Bianchi, ^U\, see also Vranceanu [TTt p. 354]. Cartan classified transitive 
isometric actions of 4-dimensional Lie groups on Riemannian 3-manifolds [T71 pp. 293-306]. 
Thus the family E{k,, t) with k G M and r > is referred to as the Bianchi- Cartan- Vranceanu 
family, [5]. By what was said above the Bianchi-Cartan- Vranceanu family includes all local 
three-dimensional homogeneous Riemannian metrics whose isometry groups have dimension 
greater than 3 except constant negative curvature metrics. The parameters k and r are 
called the base curvature and bundle curvature of E{k,,t), respectively. 

The Heisenberg group Nils together with a non-degenerate left-invariant metric is isometric 
to the homogeneous Riemannian manifold E{k, t) with k = and r 7^ 0. Without loss of 
generality we can normalize r = 1/2 for the Heisenberg group: Nils = -^'(0, 1/2). Note that 
E{0, 1) is the Sasakian space form, 3), see [I2l [T3] . 

An important piece of progress of surface geometry in E{k, t) was a result of Abresch and 
Rosenberg [1] : A certain quadratic differential turned out to be holomorphic for all surfaces 
of constant mean curvature in the above model spaces E{k, t). 

Since in the classical case of surfaces in space forms the holomorphicity of the (unperturbed) 
Hopf differential was crucial for the existence of a loop group approach to the construction 
of those surfaces, the question arose, to what extent a loop group approach would also exist 
for the more general class of constant mean curvature surfaces in Thurston geometries. 

All the model spaces are Riemannian homogeneous spaces. Minimal surfaces in Riemannian 
homogeneous spaces are regarded as conformally harmonic maps from Riemann surfaces. 
Conformally harmonic maps of Riemann surfaces into Riemannian symmetric spaces admit 
a zero curvature representation and hence loop group methods can be applied. 

More precisely, the loop group method has two key ingredients. One is the zero curvature 
representation of harmonic maps. The zero curvature representation is equivalent with the 
existence of a loop of flat connections and this representation enables us to use loop groups. 
The other one is an appropriate loop group decomposition. A loop group decomposition re- 
covers the harmonic map (minimal surfaces) from holomorphic potentials. The construction 
of harmonic maps from prescribed potentials is now referred to as the generalized Weierstrass 
type representation for harmonic maps, see [21]. 

Every (compact) semi-simple Lie group G equipped with a bi-invariant (semi-) Riemannian 

metric is represented by G x G/G as a (semi-) Riemannian symmetric space. Thus we can 

apply the loop group method to harmonic maps into G. Harmonic maps from the two-sphere 

§^ or the two-torus into compact semi-simple Lie groups have been studied extensively, 

see [m 1151 SU The three-sphere is identified with the special unitary group SU2 

equipped with a bi-invariant Riemannian metric of constant curvature 1. Thus we can study 

minimal surfaces in §^ by a loop group method. Note that harmonic tori in have been 

classified by Hitchin [30] via the spectral curve method. 
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It is known that model spaces, except x M, can be realized as Lie groups equipped with 
left-invariant Riemannian metrics. Thus it has been expected to generalize the loop group 
method for harmonic maps of Riemann surfaces into compact Lie groups equipped with a 
bi-invariant Riemannian metric to those for maps into more general Lie groups. However 
the bi-invariant property is essential for the application of the loop group method. 

Thus to establish a generalized Weierstrass type representation for minimal surfaces (or more 
generally CMC surfaces) in model spaces of Thurston geometries, another key ingredient is 
required. Since Nils seems to be a particularly simple example of a Thurston geometry and 
more work has been done for this target space than for other ones, we would like to attempt 
to introduce a loop group approach to constant mean curvature surfaces in Nils. 

The procedure is as follows: Consider a conformal immersion / : D — Nils = -^(0, 1/2) of a 
simply connected domain of the complex plane C. Then define a matrix valued function <P 
by ^ = f~^dzf and expand it as <P = X]fc=i relative to the natural basis {61,62,63} of 
the Lie algebra of Nils. The new key ingredient is the spin structure of Riemann surfaces. 
Represent (0i, 02,03) by (0i,02,03) = (("02)^ -'0?, '^(('02)^ + '0?)' 2'0i'02) in terms of spinors 
{0^1,0^2} that are unique up to a sign. 

It has been shown by Berdinsky [7], that the spinor field = (0i,02) satisfies the matrix 
system of equations dzijj = i^U, dgip = ipV, where the coefficients of U and V have a 
simple form in terms of the mean curvature H, the conformal factor 6" of the metric, 
the spin geometric support function h of the normal vector field of the immersion and the 
Abresch-Rosenberg quadratic differential Qdz^ . In [S], another quadratic differential, Adz^ 
where A = Q/{2H + i) was introduced. For H = const there is, obviously, not much of a 
difference. However for Nils it turns out that A is holomorphic if and only if / has constant 
mean curvature, [8], but Q is holomorphic for all constant mean curvature surfaces and, 
in addition, also for one non constant mean curvature surface, the so-called Hopf cylinder 
(Theorem lA.ip . A similar situation occurs for other Thurston geometries, see [25] . 

One can show that for every conformal constant mean curvature immersion / into Nils the 
Berdinsky system describes a harmonic map into a symmetric space GL2C/ diag (Theorem 
14. ip . Thus the corresponding system can be constructed by the loop group method, that is, 
there exists an associated family of surfaces parametrized by a spectral parameter. However, it 
is not clear so far, how one can make sure that a solution spinor = (0i, 0^2) to the Berdinsky 
system induces, via f^^d^f = X]fc=i with 0^ the "Weierstrass type representations" 
formed with ipi and -02 as above, a (real !) immersion into Nils. 

Unfortunately, a result of Berdinsky [B] shows that a naturally associated family of surfaces 
cannot stay in Nils for all values of the spectral parameter (Corollary 14. 6p . However, for the 
case of minimal surfaces in Nils this problem does not arise. Therefore, as a first attempt 
to introduce a loop group method for the discussion of constant mean curvature surfaces in 
Thurston geometries, we present in this paper a loop group approach to minimal surfaces in 
Nils. 

Moreover, for the case of minimal surfaces, the normal Gauss maps, which are maps into 
hyperbolic 2-space H^, are harmonic (Theorem 15. 3p and an immersion formula is obtained 
from the frame of the normal Gauss map, the so-called Sym-formula (Theorem 16. ip . see also 
[IS] . Thus the loop group method can be applied without restrictions to the case of minimal 
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surfaces, that is, a pair of meromorphic 1-forms, through the loop group decomposition, 
determines a minimal surface, the so-called generalized Weierstrass type representation. It 
is worthwhile to note that the associated family of a minimal surface in Nils preserves the 
support but not the metric. This gives a geometric characterization of the associated family 
of a minimal surface in Nils which is different from the case of constant mean curvature 
surfaces in M^, where the associated family preserves the metric (Corollary 16. 3p . 

This paper is organized as follows: In Sections HHSl we give basic results for harmonic maps 
and surfaces in Nila. In Section HJ constant mean curvature surfaces in Nils are characterized 
by a family of flat connections on D x GL2C. In Sections |5] and |6l we will concentrate on 
minimal surfaces. In particular, minimal surfaces in Nils are characterized by a family of fiat 
connections on D x SUi^i and an immersion formula in terms of an extended frame is given. 
In Sections [7] and |H1 a generalized Weierstrass type representation for minimal surfaces in 
Nils is given via the loop group method, that is, a minimal surface is recovered by a pair of 
holomorphic functions through the loop group decomposition. In Section [9l several examples 
are given by the generalized Weierstrass type representation established in this paper. In 
particular, all the canonical examples in the sense of [27] are constructed by the generalized 
Weierstrass type representation. 

Acknowledgements: This work was started when the first and third named authors visited 
Tsinghua University, 2011. We would like to express our sincere thanks to the Department 
of Mathematics of Tsinghua University for its hospitality. 

1. Minimal surfaces in Lie groups 

1.1. Let G C GL„M be a closed subgroup of the real general linear group of degree n. 
Denote by g the Lie algebra of G, that is, the tangent space of G at the identity. We equip 
g with an inner product (■, ■) and extend it to a left-invariant Riemannian metric ds"^ = (■, ■) 
on G. 

Now let / : M — )■ G be a smooth map of a Riemann surface M into G. Then a := f~^df 
satisfies the Maurer-Cartan equation: 

(ia + -[a A a] = 0. 

Take a local complex coordinate z = x + iy defined on a simply connected domain D C M 
and express a as 

a = <P dz + ^ dz. 

Here the coefficient matrices ^ and <P are computed as 

The subscripts z and z denote the partial differentiations = {d^ — idy)/2 and = 
{dx + idy)/2, respectively. We note that 3 is the complex conjugate of (P, since / takes values 
in G C GL„M. 

Denote the complex bilinear extension of (■, ■) to by the same letter. Then / is a conformal 
immersion if and only if 

(1.1) {<p,<p)=0, {<P,3)>0. 
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For a conformal immersion f : M G, the induced metric (also called the first fundamental 
form) {df,df), is represented as e^dzdz. The function e" := 2(/^,/g) is called the conformal 
factor of the metric with respect to z. 

Next take an orthonormal basis {ei, 62, ■ ■ ■ , e^} of the Lie algebra (^ = dimg). Expand <P 
as ^ = 0iei + 02^2 + ■ ■ ■ + 0£e£. Then we have the following fundamental fact. 

Proposition 1.1. Let f : M ^ G G GL„R be a conformal immersion with the conformal 
factor e". Moreover, set <P = f~^fz = Ylk=i 'Pk^k- Then the following statements hold: 

(1-2) /. = = fS>, 

(1-3) Y.^i = ^. 

k=l 

(1-4) El0.P = ^e^ 

k=l 

In particular, <I> and <P satisfy the integrability condition 
(1.5) ^,-^, + [§,<P]=0. 

Conversely, let B) be a simply- connected domain and (p = Ylk=i^kGk 0, 1-form on D which 
takes values in the complexification of q satisfying the conditions (11.31) . (11.41) and (11.51) . 
Then for any initial condition in G given at some base point in ID there exists a unique 
conformal immersion f into G. 

Proof. By (II. 5p the integrability condition for the equations (II. 2p is satisfied. Therefore, 
there exists a map / into the complexification of G satisfying (II. 2p . Since the metric of 
G is left-invariant, the conformality and the non-degeneracy of a metric of / follows from 
(ll.3p and (II. 4p . It is straightforward to verify that the partial derivatives of ff~^ vanish. 
Hence ff~^ is constant. If we have chosen an initial condition in G for /, then this constant 
matrix is /, the identity element in G. □ 



1.2. Let / : M — 7- G be a smooth map of a 2-manifold M. Then / induces a vector bundle 
f*TG over M by 

f*TG = U T;(,)G, 

where TG is the tangent bundle of G. The space of all smooth sections of f*TG is denoted 
by r{f*TG). A section of f*TG is called a vector field along f. 

The Levi-Civita connection V of G induces a unique connection V'^ on f*TM which satisfies 
the condition 

Vi(V-o/) = (V,;(x)^)o/, 
for all vector fields X on M and V G r{TG), see [23 p. 4]. 

Next assume that M is a Riemannian 2-manifold with a Riemannian metric dslj. Then the 
second fundamental form Vdf of / is defined by 

(1.6) i\/df)iX,Y) = V{dfiY)-dfiV^Y), X,YeXiM). 
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Here V*'^ is the Levi-Civita connection of (M, ds\j). The tension field r{f) of / is a section 
of f*TG defined by r(/) = tr(Vd/). 

1.3. For a smooth map / : (M, (is|,j) — )■ (G, (is^), the energy of / is defined by 

E{f)= [ hdfl'dA. 

A smooth map / is a harmonic map provided that / is a critical point of the energy under 
compactly supported variations. It is well known that / is a harmonic map if and only if its 
tension field r(/) is equal to zero, that is, 

r(/) = tr(Vrf/) = 0. 

It should be remarked that the harmonicity of / is invariant under conformal transformations 
of M. Thus the harmonicity makes sense for maps from Riemann surfaces. 

1.4. Let / : M — 7- G be a conformal immersion of a Riemann surface M into G. Take a 
local complex coordinate z = x + iy and represent the induced metric by e^dzdz. It is a 
fundamental fact that the tension field of / is related to the mean curvature vector field H 
by: 

(1.7) r(/) = 2H. 

This formula shows that a conformal immersion / : M — > G is a minimal surface if and only 
if it is harmonic. Since the metric is left-invariant the equation above can be rephrased, 
using the vector fields ^ = f~^fz and 3 = f~^fz, as 

(1.8) + + $} = ey-'H, 
where {■, ■} denotes the bilinear symmetric map defined by 

(1.9) {X,Y} = VxY + VyX 

for X, y G g. By fll.8p . the harmonic map equation can be computed asQ 

(1.10) $z + ^z + {<P,^} = 0. 

Thus the Maurer-Cartan equation (11. 5p together with the harmonic map equation f ll.lOp is 
equivalent to 

(1.11) 2^,- + {^,^} = 

We summarize the above discussion as the following theorem. 



^ Let U : X g — >■ g denote the symmetric bilinear map defined by 

2{U{X,Y),Z) = {X,[Z,Y]) + {Y,[Z,X]), X,Y,ZeQ. 
Then 2U{<P,^) and are the same, since 

{VxY + VyX, Z) = \{X{Y, Z) + Y{X, Z) + X{Z, Y) - 2Z{X, Y) - 2{[X, Z],Y) - 2{[Y, Z],X)) 

and the left invariance of the vector fields implies that X{Y,Z) = Y{X,Z) = X{Z,Y) = Z{X,Y) = 0. 
Moreover, since 

{X, [Z,Y]) + (r, [Z,X]) = -(X,ad(y)Z) - (y,ad(X)Z) = -(ad*(y)X,Z) - (ad*(X)r,Z), 

2U{^,^), ^} and -ad*(«?)<^ - ad*(^)^ are the same (see [H Section 2.1] for another formulation of 
harmonic maps into Lie groups with left-invariant metric). 
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Theorem 1.2. Let f : M ^ G be a conformal minimal immersion. Then a = f~^df = 
$dz + $dz satisfies f 1 1.11) and (11.111) . Conversely, let 3 be a simply connected domain and 
a = (Pdz + 3dz a Q-valued 1-form on D satisfying (11. ip and (11.111) . Then for any initial 
condition in G there exist a conformal minimal immersion / : D — > G such that f^^df = a. 

Proof. Let a = $dz + <Pdz be a g- valued 1-form satisfying (II. ip and (II. lip . Then subtraction 
and addition of the complex conjugate of (II. lip to itself gives the integrability condition (II. 5p 
and the harmonicity condition (ll.lOp . respectively. Hence Proposition 11.11 implies that there 
exists a conformal immersion / such that f~^df = a. Since / is harmonic, it is minimal. □ 

In the study of harmonic maps of Riemann surfaces into compact semi-simple Lie groups 
equipped with a bi-invariant Riemannian metric, the zero curvature representation is the 
starting point of the loop group approach, see Segal [H], Uhlenbeck |3B]. In case the metric 
on the target Lie group is only left invariant we need to require the additional condition 

{<P,3} = 0, 

the so-called admissibility condition. 

It should be remarked that all the examples of minimal surfaces in Nils studied in this 
paper do not satisfy the admissibility condition. Thus we can not expect to generalize the 
Uhlenbeck-Segal approach for harmonic maps into compact semi-simple Lie groups to maps 
into more general Lie groups in a straightforward manner. 

2. The three-dimensional Heisenberg group Nils 

2.1. We define a 1-parameter family {Nil3(r)}^g]8 of 3-dimensional Lie groups 

Nil3(r) = {M:'{xi,X2,Xs),-) 

with multiplication: 

(Xi, X2, Xs) ■ (Xi, X2, X3) = (Xi + Xi, X2 + X2, X3 + X3 + r(XiX2 - X1X2)). 

The unit element / of Nil3(r) is (0,0,0). The inverse element of (xi,X2,X3) is — (xi,X2,X3). 
Obviously, Nil3(0) is the abelian group (M^, +). The groups Nil3(r) and Nil3(r') are isomor- 
phic if tt' 7^ 0. 

2.2. The Lie algebra nil3(r) of Nil3(r) is with commutation relations: 

(2.1) [ei, 62] = 2re3, [eg, 63] = [63, ei] = 

with respect to the natural basis ei = (1,0,0), 62 = (0,1,0), 63 = (0,0,1). The formulas 
(12. ip imply that ni[3(r) is nilpotent. The respective left translated vector fields of ei, 62 and 

63 are 

El = (9^1 - TX2d^^, E2 = + TXid^^ and = d^^. 

We define an inner product (■,■) on ni[3(r) so that {61,62,63} is orthonormal with respect 
to it. Then the resulting left-invariant Riemannian metric ds"^ =(■,■),- on Nil3(r) is 

(2.2) dsl = {dxif + {dx2f + 0Or®^T, 
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where 



(2.3) Ur = dX3 + r(x2C?Xi — XidX2). 

The 1-form Ur satisfies dur AUr = — 2r dxi A dx2 A dx-^. Thus Ur is a contact form on Nil3(r) 
if and only if r 7^ 0. 

The homogeneous Riemannian 3- manifold (Nil3(r), ds"^) is called the three-dimensional Heisen- 
berg group if r 7^ 0. Note that (Nil3(0), dsl) is the Euclidean 3-space E^. The homogeneous 
Riemannian 3-manifold (Nils (1/2), dsy2) is frequently referred to as the model space Nils of 
the nilgeometry in the sense of Thurston, ^3] . 

Remark 2.1. For r 7^ 0, (Nil3(r), Wr) is a contact manifold, and the unit Killing vector field 
E3 is the Reeb vector field of this contact manifold. In particular Nil3(l) is isometric to the 
Sasakian space form M'^(— 3) in the sense of contact Riemannian geometry, [T2l [T3] . 

We orient Nil3(r) so that {£'1, i?2, -E3} is a positive orthonormal frame field. Then the volume 
element dv-r of the oriented Riemannian 3-manifold Nil3(r) with respect to the metric ds^ is 
dxi A dx2 A dx^. The vector product operation x with respect to this orientation is defined 
by 

(X X y,Z)^ = dvr{X,Y,Z) 
for all vector fields X, Y and Z on Nil3(r). 

2.3. The nilpotent Lie group Nil3(r) is realized as a closed subgroup of the general linear 
group GL4R. In fact, Nil3(r) is imbedded in GL4R by i : mh{r) GL4M; 

4 

l{Xi, X2, X3) = e^^Eii + ^Eii + 2TX1E23 + (X3 + TXiX2)E24 + X2E:i4, 

1=2 

where Eij are 4 by 4 matrices with the ij-entry 1, and all others 0. Clearly l is an injective 
Lie group homomorphism. Thus Nil3(r) is identified with {^(xi, 2:2, X3) | Xi,X2,X3 G M} = 
Nil3(r). The Lie algebra ni[3(r) corresponds to 

{UiEii + 2TU1E23 + ^3^24 + ^^2-^34 I Ui, U2, U3 G M} . 

The orthonormal basis {ei, 62, 63} is identified with 

ei= En + 2tE23, €2 = E34 and 63 = E24. 

The exponential map exp : ni[3(r) — )■ Nil3(r) is given explicitly by 

4 

(2.4) exp(xiei + ^262 + 0:363) = e^'En + ^ + 2TX1E23 + (0:3 + TXiX2)E2i + a;2-E'34. 

i=2 

This shows that exp is a diffeomorphism. Moreover the inverse mapping exp~^ can be 
identified with the global coordinate system (xi,a;2,X3) of Nil3(r). The coordinate system 
(xi,X2,X3) is called the exponential coordinate system of Nil3(r). In this coordinate system 
the exponential map is the identity map. 
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2.4. The Levi-Civita connection V of ds^ is given by 

Veiei=0, Veie2 = re3, VeiCg = -r 62, 

(2.5) VeaCl = -r 63, Ve2e2 = 0, VeaCs = T Ci, 

Ve3ei = -re2, Ve3e2 = rei, VegCs = 0. 

The Riemannian curvature tensor R defined by -R(X, Y) = [Vx, Vy] — V[x,y] is given by 

R{X, Y)Z = -3r2 ((F, - (Z, 

+ 4r2 (a;,(F)a;,(Z)X - 

+ (F, Z). - (Z, X).) 63. 

The Ricci tensor field Ric is given by 

Ric = -r^(-, ■)r + 4r^a;^ (g) w^. 

The scalar curvature of Nil3(r) is r^. The symmetric bilinear map {■, ■} defined in (11.81) is 
explicitly given by 

(2.6) {61,62} = 0, {61,63} = -2re2 and {62,63} = 2rei. 

Note that {■, ■} measures the non right-invariance of the metric. In fact {■, ■} = if and 
only if ds"^ is right invariant (and hence bi- invariant). The formulas (12. 6p imply that ds"^ is 
bi-invariant only when r = 0. 

3. Surface theory in Nil3 

3.1. Hereafter we study Nil3(l/2) for simplicity and denote the space by Nils. The metric 
dsy^ is simply denoted by ds"^ = (■, ■) and a;i/2 of (12. 3p by u. 

Let f : M ^ Nils be an immersion of a 2-manifold. Our main interests are surfaces of 
constant mean curvature (and in particular minimal surfaces). In the case where a surface 
has nonzero constant mean curvature, we can assume without loss of generality that M is 
orientable and / is a conformal immersion of a Riemann surface. In the minimal surface 
case, if necessary, taking a double covering, we may assume that / is an orientable conformal 
immersion of a Riemann surface. Clearly, Nils is a three-dimensional Riemannian spin 
manifold. Thus / induces a spin structure on M. Hereafter we will always use the induced 
spin structure on M. 

As in Section [H we consider the 1-form $dz on a simply connected domain D C M that 
takes values in the complexification nitg of the Lie algebra nils. With respect to the natural 
basis {ci, 62, 63} of nils, we expand as ^ = Yl,k=i ^k^k and assume that fll.3l) and (II. 4p are 
satisfied. Then there exist complex valued functions tjji and tp2 such that □ 

(3.1) <P^ = iT2f-^l 02 = ^((^)' + V^l'), 03 = 2V^lV^, 

^In [SI (8)], the spinor representation 

(1)1 = ^{lp2'^ 02 = - V'l), h=M2 

is used. The correspondence to ours representation is 

■0J — ?> V^i^j, and ei — >■ 62, 62 — >■ ei. 
Thus the sign of tlic unit normal also changes. 
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where '02 denotes the complex conjugate oiip2- It is easy to check that tpi{dzY^'^ and tp2{dzY^'^ 
are well defined on M. More precisely, ipi{dzY^'^ and %jj2{dzY^'^ are respective sections of the 
spin bundles E and IJ over M, see Appendix O The sections ■01(^2;)^/^ and ip2{dzY^'^ are 
called the generating spinors of the conformally immersed surface / in Nils. The coefficient 
functions ipi aiid ip2 sue also called the generating spinors of /, see [8]. Note that after 
a change of coordinates the new generating spinors (pi,(p2 are (pi{w) = ^/z^4'l{^{u])) and 

^P2{w) = y/z^1p2{z{w)). 

We would like to note that from this representation of ^ it is straightforward to verify that 
^ and ^ are linearly dependent if and only if l-^il = \ip2\- 

The conformal factor e" of the induced metric {df, df) can be expressed by the spinors tpi, 1^2 
via formula fll.4l) : 

(3.2) e- = 4(|^i|2 + |^2r)'. 

Remark 3.1. Let f : M ^ Nils be a conformal immersion. Then 0s = 2'0i-02 can not vanish 
identically on any open subset of M. In fact, if 0s = 0, then / is normal to everywhere. 
Namely, / is an integral surface of the contact distribution defined by the equation a; = 0. 
However, since a; is a contact form on Nils, this is impossible. (The maximum dimension of 
an integral manifold is one.) In particular, for every conformal immersion / : M — )■ Nils, 
there exists an open and dense subset Mf on which ipi ^ and '0'2 7^ 0. 

Example 1 (Vertical plane) . Let 11 be an affine plane in Nils defined by 

n = {(xi, X2, xs) I axi + bx2 + c = 0} 

for some constants a, b and c. Such a plane is called a vertical plane in Nils. One can see 
that every vertical plane is minimal in Nils. Vertical planes are homogeneous and minimal 
Hopf cylinders. See Proposition IB . 1 1 and Theorem lA.li Vertical planes are minimal and flat, 
but not totally geodesic. It should be emphasized that there are no totally umbilical surfaces 
in Nils, see [33]. 

3.2. Let denote the positively oriented unit normal vector field along /. We then define 
an unnormalized normal vector field L by 

(3.3) L = e"/2jv. 

Note that L{dzY^'^{dzY^'^ is well defined on M. We call this section the normal of /. We 
also note that e"/^L = e^N is given by the vector product fx x fy. 

Moreover, from (13. ip . the left translated vector field f"^N of the unit normal A^ to ni[s can 
be represented by the spinors ipi and iIj2'- 

(3.4) r'N = , . . „ (2Re(^Ai02)ei + 2Im(^i^2)e2 + (l^iT - l^aHes) , 

where Re and Im denote the real and the imaginary parts of a complex number. Accordingly, 
the left translation of the unnormalized normal f~^L = e^^'^f~^N can be computed as 

(3.5) r'L = 4 Re(0i02)ei +4^(01^^2)62 + 2(|0ip - |02nes. 
We define a function h by 

h={f-'L,es) = 2{\^p,\'-\H')- 
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Then we get a section h{dzY^'^{dzY^'^ ol S ® S. This section is called the support of /. The 
coefficient function h is called the support function of / with respect to z. 

Remark 3.2. Let us denote by d the angle between N and the Reeb vector field -E3, then h 
is represented as h = e^^'^cos'd. The angle function d is called the contact angle of /. One 
can check that h{dzY^'^{dzY^'^ = cosi!}\df\. Here \df\ = e'^^'^{dzy^'^{dzY^'^ is a half density on 
M. 

From f l3.5p . we obtain the following Proposition. 

Proposition 3.3. For a surface / : D — ?■ Nils, the following properties are equivalent: 

(1) / has support zero, that is, the support function vanishes identically, h = 0. 

(2) £"3 is tangent to f . 

Surfaces of constant mean curvature satisfying h = are characterized in Appendix R| 
Theorem lA.ll A surface / is said to be nowhere vertical if it is nowhere tangent to E3. 

3.3. Conformal immersions into Nils cire characterized by the integrability condition (11. 5p 
and the structure equation (II. 8p . Note, since the target space Nils is three-dimensional, the 
mean curvature vector field H in (II. 8p can be represented as 

H = HN, 

where H is the mean curvature and is the unit normal. These equations are given by six 
equations for the functions 0i, 02 and 03 or, equivalently, for the generating spinors ipi and 
■02, see [H (18)]. Then the equations (II. 5p and (II. 8p are equivalent to the following nonlinear 
Dirac equation, that is, 

where 

(3.7) U = V = --e"/2 + '-h. 

2 4 

Here H, and h are the mean curvature, the conformal factor and the support function 
for / respectively. More precisely by Remark 13. H we have 0'i0'2 7^ on an open dense 
subset Mf, and on this subset, we show that (II. 5p and (II. 8p together are equivalent with 
the nonlinear Dirac equation. Thus we extend to M by continuity. The complex function 
IA(= V) is called the Dirac potential of the nonlinear Dirac operator ij). 

Remark 3.4. 

(1) The above equivalence can be seen explicitly as follows: The coefficients of 61,62 
and 63 in (II. 5p and (II. 8p give six equations. The equations given by the respective 
coefficients of 61 and 62 in (II. 5p and (II. 8p together are equivalent to the nonlinear 
Dirac equation. Conversely, the equations given by the coefficients of 63 in (ll.Sp 
and (II. 8p follow from the nonlinear Dirac equation. Therefore the nonlinear Dirac 
equation is equivalent to the integrability equation (II. 5p together with the structure 
equation (II. 8p . 
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(2) To prove the equations fll.Sp and (11.81) from the nonhnear Dirac equation, we can 
choose a real-valued function H freely, however, e"/^ and h, which are the functions 
in the Dirac potential U{= V), (13. 7p . and solutions V'j) (j = 1)2) of the nonlinear 
Dirac equation need to satisfy the special relation: 

e-/2 = 2(|^i|2 + |^2r) and h = 2{\^,\' - ■ 

Under this special condition, we derive the equations (11. 5p and (II. 8p . Moreover, up 
to an initial condition, there exists an immersion into Nils such that the conformal 
factor, the mean curvature and support function are e"/^, H and h, respectively. 

3.4. The Hopf differential Adz^ is the (2, 0)-part of the second fundamental form for / : 
M Nils defined by 

A=(v£/.,iV). 
It is easy to see that A can be expanded as 

A = (V/J.,iV) = ((/-V.).,/-'iV) + (Efc,,0fc0.Ve,e„/-iiV), 

where 4>k,4>j are defined in (13. ip . Then using the formulas in (12. 5 p and the f~^N in (13. 4p . 
the coefficient function A can be given explicitly as 

(3.8) A = 2{MT2)z - Mi^i)z) + ^li'liihf. 

Next, define B as the complex valued function 

1 ~ . (7,2 

(3.9) B = -(2H + t)A, where A = A + 

^ ^ 4^ ^ ' 2H + i 

Here A and 03 are the Hopf differential and the ea-component of f~^fz for / in Nils, respec- 
tively. 

The complex quadratic differential Adz^ will be called the Berdinsky-Taimanov differential 
[13| Lemma 1]. Next we recall the Abresch-Rosenberg differential of a surface f : M 
Nil3(r). It is the quadratic differential Qdz'^ given by [27t [Tj: 

Qdz^ = 2{H + iT)Adz^ + 4T^(j)l dz^. 

It is clear that for r = 1/2, the quadratic differential ABdz^ is the Abresch-Rosenberg 
differential!! 



3.5. We are mainly interested in conformal immersions of constant mean curvature into 
Nils. Namely, our main interest is the case, where both the Berdinsky-Taimanov differential 
and the Abresch-Rosenberg differential are holomorphic. However, these differentials do not 
enter the nonlinear Dirac equations (13. 6 p and (13. 7p . It is therefore fortunate that Berdinsky 
[7] found another system of partial differential equations for the spinor field if) = {ipi,ijj2) of 
a surface / which is actually equivalent with the nonlinear Dirac equations (for a proof see 

3 In 0(20)], _ _ _ 

In many papers, Aar ■= Adz^ is called Abresch-Rosenberg differential. Taimanov uses the notation B = 
{2H + i)A/ A and quotes Berdinsky's paper [7]. Sometimes the differential Bdz^ is called Abresch-Rosenberg 
differential, see e.g., [27] , 
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[l3]) and where the quadratic differentials enter. We define a function w using the Dirac 
potential U{= V) as 

(3.10) e-/2^^ = V = --e"/2 + l/i. 

2 4 

Here, to define the complex function w, we need assume that the mean curvature H and 
the support function h do not have any common zero. For nonzero constant mean curvature 
surfaces this is no restriction, however, for minimal surfaces, this assumption is equivalent 
to that h never vanish, that is, surfaces are nowhere vertical. The minimal vertical surfaces 
are just vertical planes, see Proposition 13.31 Sometimes, we consider, conformal, minimal 
surfaces with branch points. As pointed out above \ = |?/'2| at such points whence h = 0. 
If we have an open set of branch points, then / is a vertical plane there (as just pointed 
out). We are therefore only interested in surfaces which have only a nowhere dense set of 
branch points. Thus a surface will only be vertical at a nowhere dense set. 

Theorem 3.5 ([7]). Let B) be a simply connected domain in C and / : D — t- Nils a conformal 
immersion and w is a complex function defined in (13.101) . Then the vector ip = {ipi,'ip2) 
satisfies the system of equations 

(3.11) i'z = ^U, ^-z = ^v, 
where 

^^•^^^ Be~^/^ )' ^-\e^/^ + li7,e-/2+«/2 

Conversely, every vector solution ip to (I3.1ip with (13.101) and (13.121) is a solution to the 
nonlinear Dirac equation (13. 6p with (13. 7p . 

Sketch of proof. Taking the derivative of the potential U = e^l"^ with respect to ^, we have 

2 2 ^ ^ 4 

Using the explicit formulas for e"/^ and h by and ■?/'2, we have 

From the nonlinear Dirac equation we can rephrase this as 

By multiplying the equation above by ipx and using the equation e^l"^ = — ife"/^/2 + ih/A = 
-{2H + i)\^2\'^/2- (2i/-z)|V^i|V2, we derive 

Similarly, il)2zy'^iz il!2z can be computed by the nonlinear Dirac equation. 

Conversely, let '0 be a vector solution of (13. lip . Then the second column in U and the first 

column in V produce the nonlinear Dirac equation. □ 
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The compatibility condition for (13. lip , that is f/^ — 14 + [V, U] = 0, gives the Gauss-Codazzi 
equations of a surface / : D — )■ Nils. These are four equations, one for each matrix entry. 
We obtain 

(3.13) ^w,, + 6^"- iBfe-"" + +p)e-'"/2+V2 ^ g, 

where p is Hz{—w/2 + u/2)z for the (1, l)-entry and Hz{—w/2 + u/2)z for the (2, 2)-entry, 
respectively. Moreover, the remaining two equations are 

(3.14) 2 2 

2 2 

The Codazzi equations fl3.14p imply that B is holomorphic if the surface is of constant mean 
curvature. However, we should emphasize that the holomorphicity of B does not imply the 
constancy of the mean curvature. This situation is very different from the case of space 
forms. For a precise statement we refer to Appendix [Al 

Remark 3.6. Let w,B,H be solutions to the Gauss-Codazzi equations fl3.13p and f l3.14p . To 
obtain the immersion into Nils, a vector solution ijj = {ipi,ip2) of ( 13. lip is not enough; the 
complex function e"'/^ also needs to satisfy 

e-/2 = -/fd^iP + |^2p) + ^(l^iP - |^2p). 

In Proposition 14.51 for constant mean curvature surfaces, this will be rephrased in terms of 
equations for w, H and B. 



4. Constant mean curvature surfaces in Nils 

4.1. Let / be a conformal immersion in Nils as in the preceding section and = {ipi,ip2) 
and e'"/^ = ^ = y 7^ the spinors generating / and the Dirac potential, respectively. Then 
we have the equations tpz = i'U and ifjz = ipV as before. Take a fundamental system F of 
solutions to this system, we obtain the matrix differential equations 

(4.1) Fz = FU, F-z = FV. 

It will be convenient for us to replace this system of equations by some gauged system. Con- 
sider the GL2C valued function G = diag(e~'"/^, e~'^^^) and put F := FG, where diag(a, b) 
denotes the diagonal GL2C matrix with entries a, b. Then the complex matrix F satisfies 
the equations 

(4.2) Fz = FU, Fz = FV, 
where U = G'^UG + G'^G, and V = G-^VG + G'^G,. 

4.2. We define a family of Maurer-Cartan forms a^, parametrized by U and V and the 
spectral parameter A G C^(:= C \ {0}) as follows: 

(4.3) := U^dz + V^dz, 
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where 

We note that U^\\=\ = U and \^'^|a=i = V. Similar to what happens in space forms, a 
surface / in Nils of constant mean curvature can be characterized as follows: 

Theorem 4.1. Let / : D — ?■ Nils be a conformal immersion and the 1-form defined in 
f l4.3p . Then the following statements are mutually equivalent: 

(1) / has constant mean curvature. 

(2) d + is a family of fiat connections on D x GL2C. 

(3) The map Ad(F)a3 from D to the semi-Riemannian symmetric space GL2C/ diag is 
harmonic. 

Here denotes the diagonal matrix with entries 1,-1 and diag denotes the diagonal subgroup 
GLiC X GLiC 0/GL2C. 



Proof. We start by writing out the conditions describing that (i + a is a family of flat 
connections on D x GL2C. It is straightforward to see that d + is flat for all A G if 
and only if the equation 

(4.5) {U%-{V^),+ [V\U''] = ^. 

is satisfied for all A G C^. The coefficients of A^^jA*^ and A of (14 .Sp can be computed 
explicitly as follows: 

(4.6) A-i-part: \H-,e''''^ = 0, B, + |5i/je-"'/2+«/2 _ 

(4.7) A°-part: ^w,^ + e"" - lEpe-"" + i(i/^j + p)e-"'/2W2 = q, 

(4.8) A-part: + |5/J,e-'"/2W2 = g, fi/.e^/^ _ g, 

where p is Hz{—w/2 + u/2)z for the (1, l)-entry and H2{—w/2 + u/2)z for the (2, 2)-entry, 
respectively. Since the equations in (14. 7p are structure equations for the immersion /, these 
are always satisfied, which in fact is equivalent to (I3.13p . 

(1) ^ (2): Assume now that / has constant mean curvature. Then, as already mentioned 
earlier, A = [A + (j)1/{2H + i)) is holomorphic, [H Corollary2, Proposition3]. Thus B = 
{2H + i)A/4 is holomorphic as well. Clearly now, all equations characterizing the fiatness of 
d + are satisfied. 

(2) =^ (1): Assume now that d + is fiat. Then it is easy to see that this implies H is 
constant. 

(1) <^ (3): Assume now that the first two statements of the theorem are satisfied. Then 
the coefficient matrices and actually have trace = and describes the Maurer- 
Cartan form of a harmonic map of the symmetric space SL2C/ diag as in [211 Proposition3.3]. 
Conversely, if Ad(F)o"3 is a harmonic map into GL2C/ diag = SL2C/ diag, then [23] shows 
that d + is fiat. Note that the diagonal subgroup diag of SL2C is {diag(7, 7~"^) | 7 G C^} 
that is isomorphic to GLiC. □ 
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Remark 4.2. The semi-Riemannian symmetric space SL2C/GL1C is identified with the space 
of all oriented geodesies in the hyperbolic 3-space M.^. The pairwise hyperbolic Gauss maps 
of constant mean curvature surfaces in are Lagrangian harmonic maps into the indefinite 
Kahler symmetric space SL2C/GL1C, [22] . 

From the list of equations characterizing the flatness of + a^, we obtain the following. 

Corollary 4.3. Let / : D — )■ Nils be a conformal immersion. If f has constant mean 
curvature, then B is holomorphic and 

(4.9) w^s + 2e"'-2|5|V"' = 

holds. The equation (14. 9 P is the Gauss equation of the constant mean curvature surface. 
Remark 4.4. 

(1) By what was said earlier, the converse is almost true. Actually there is only one 
counter example. In particular, the converse to the statement in the corollary is true, 
if the spinors ipi and ip2 satisfy iV'il 7^ |V'2|- 

(2) If, in the setting of the corollary above, we assume B to be holomorphic, then the 
solution to the elliptic equation (14. 9 p produces an analytic solution w. Inserting this 
into (14. ip we see that the spinors ipj, j = 1,2 are analytic. Therefore, the condition 
in (1) above follows, if ipi and 1IJ2 have a different absolute value at least at one point 
of the domain D. 

4.3. If / is a constant mean curvature immersion into Nils, then the corresponding maps 
Ad(F)(T3, where F satisfies F~^dF = a^,\ G into SL2C/ diag all are harmonic. They 
form the associated family of harmonic maps. Tracing back all steps carried out so far, 
starting from / and ending up at F, one can define maps : D — )■ Nilg into the complexi- 
fication Nilg of Nils. We call the 1-parameter family of maps {/^}Ae§i the associated family 
of /. From the definition it is clear that the associated family f^ has the invariant support 
function e^^"^ and the varying Abresch- Rosenberg differential B'^, that is, B'*' = \~^B. One 
could hope that all these maps in the associated family actually have values in Nils and are 
of constant mean curvature. This turns out not to be the case. 

The reason is that for constant mean curvature surfaces into Nils there exists a special 
formula, due to Berdinsky [HI E] . 

Proposition 4.5 ([SI E])- Let / : D — ?■ Nils be a conformal immersion of constant mean 
curvature. Then the imaginary part of w is constant or one of the following three formulas 
holds: 

(w-w)/2 ^ + i {w-w)/2 ^ ~ ^ 

2H -i' 2H + i 

or 

where B and w are as above and r = —^{2H + i){w — w)^, s = {2H + z)e'"/^ — {2H — z)e"'/^ 
and t = {2H + i)e'"l^ - {2H - i)e'^/^. 
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(4.10) 



r + r- 



B 



-st 



Sketch of proof . Let us consider the equation 



e-/' = -Hi\i;,\'+\H') + lm'-\H') 



This equation is rewritten equivalently in the form 

(4.11) / = ^P^hi. with h={^^^ Q ^ _ j 

This equation is differentiated for z and for z. The resulting equations are 

1 _./2/0 ^\ 



(4.12) tr -e--/M^ M ^ 



where r = ~\{2H + i){w -w)„ t = {2H + i)e'"''^ -{2H -i)e'^''^ and s = {2H + i)e'^/'^ -{2H - 
i)e^/'^. Conversely, from these latter two equations one obtains ce""/^ = —H{\il)i\'^ + |'?/'2p) + 
^(IV^iP ~ |'^2p)/2, where c is a complex constant. One can normalize things or manipulate 
things so that this constant can be removed. Thus (14. lip is equivalent with (14.121) and (I4.13p . 
The equations (14.12^ and (14.130 are then reformulated equivalently in the form: 

^e + €+riei' = o and i^e + se + r = o, 



where ^ = ip2/'ipi, which can be done without loss of generality since otherwise tpi = 
identically and the Berdinsky system would also yield '02 = 0. The next conclusion in [7] 
requires to assume that s does not vanish identically. Therefore we need to admit the case 
s = and continue with the assumption s ^ 0. Inserting the second equation into the first 
yields r{\C,\'^ — t/s) = 0. We thus need to admit the case r = 0. It is easy to see that this latter 
condition implies that the imaginary part of w is constant. This same statement follows from 
s = 0. Now we assume s ^ and r ^ and obtain (as claimed in [7]) = t/s. Inserting 
this into the first of the last two equations above we see that these two equations are complex 
conjugates of each other now if t 7^ 0. But t = implies again that the imaginary part of w 
is constant. Finally, solving for ^ in the second equation above and inserting into the first 
one now obtains the equation 

-If B 



Taking absolute values here yields the last of our equations. □ 
As a corollary to this result we obtain the following. 

Corollary 4.6. Let / : D — > Nils be a conformal immersion of constant mean curvature. If 
the associated family f^ of immersions into Nilg as defined above actually has values in Nils 
for all A G then w — w is constant and the surfaces are minimal. 

Proof. Assume the last of the equations is satisfied. Introducing A as in this paper can also 
be interpreted, like for constant mean curvature surfaces in by Bonnet, as replacing B 
by X~^B, A G §^ This is an immediate consequence of (14.90 . Let ipj be the A-dependent 
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solutions to the equations (14. 2p . Then is defined from these tpj as / was defined in the case 
A = 1. Thus the Berdinsky system associated with is a constant mean curvature system 
and the immersions all are constant mean curvature immersions into Nils. Therefore, all 
the quantities associated with these immersions satisfy the Berdinsky equation f l4.10p . As a 
consequence of our assumptions, this equation needs to be satisfied for all -B'^. But replacing 
B by \^^B = in fl4.10p we see that the required equality only holds for all A G §^ if and 
only if the function r occurring in f l4.10p vanishes identically. Moreover, the vanishing of r 
implies that w — w is antiholomorphic, and since this function only attains values in zM, it is 
constant. Let us consider next the Gauss equation (14. 9p . Since the imaginary part \mw = 9q 
of w is constant, the term w^z is real. Therefore the imaginary part of — BBe~^ vanishes. 
A simple computation shows that this implies (e^^'^"' + BB) sin(6'o) = 0, whence sin(6'o) = 
and 6q is an integral multiple of tt. As a consequence, e"'/^ = eRcu;/2gife7r/2_ ^ jg q^^j^ then 
purely imaginary and H = follows. If k is even, then e"'/^ is real. This implies 
iV'iP = lV'2p5 which shows that it is a surface of non constant mean curvature, see Appendix 

m □ 

Remark 4.7. We have just shown that associated families of "real" constant mean curvature 
surfaces in Nils can only be minimal. We will show in the next section that actually every 
minimal surface is a member of an associated family of minimal surfaces in Nils. 

5. Characterizations of minimal surfaces in Nils 

5.1. We recall the beginning of section HJ In particular, we consider the family of Maurer- 
Cartan forms 

(5.1) := U^dz + V^dz, A G §\ 

where and are defined in (14.40 . For surfaces of constant mean curvature these expres- 
sions have a particularly simple form: 



1, 



(5.2) U{X){:= U^) = f:^/, \' , V{X){:= V>^) = [ , 

\A ^Be ^''^ —\Wz J \Xe ' jWz 

Minimal surfaces can be easily characterized among all constant mean curvature surfaces in 
the following manner. 

Lemma 5.1. Let f be a surface of constant mean curvature in Nils. Then the following 
statements are mutually equivalent: 

(1) f is a minimal surface. 

(2) e'"/^ = — yc"/^ + jh is purely imaginary. 

(3) The matrices U{X) and V{X) satisfy 



(5.3) V{X) = -asUil/X) as, where as = diag(l, -1). 

In particular, for a constant mean curvature surface f , the Maurer- Cartan form takes 
values in the real Lie subalgebra sui^i of 312^ if and only if f is minimal; 



5Ui,i 



ai b 
b —ai 
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5.2. As is well known, constancy of the mean curvature of surfaces in three-dimensional 
space forms is equivalent to the holomorphicity of the Hopf differential. Moreover constancy 
of the mean curvature is characterized by harmonicity of appropriate Gauss maps. 

To obtain another characterization of minimal surfaces we will introduce the notion of Gauss 
map for surfaces in Nils. Let be the unit normal vector field along the surface / and f^^N 
the left translation of A^. 

We identify the Lie algebra nils of Nils with Euclidean 3-space via the natural basis 
{61,62,63}. Under this identification, the map f~^N can be considered as a map into the 
unit two-sphere C nils. We now consider the normal Gauss map g of the surface / in 
Nils, [211 ED]: The map g is defined as the composition of the stereographic projection vr 
from the south pole with f~^N, that is, (7 = vr o f-^N : © ^ C U {00} and thus, applying 
the stereographic projection to f~^N defined in fl3.4l) . we obtain 

(5.4) g = 

Note that the unit normal A^ is represented in terms of the normal Gauss map g as 

(5.5) r'N = (2 Re{g)e, + 2 Im(^?)62 + (1 - \g\')es) . 

The formula (15. 5 p implies that / is nowhere vertical if and only if \g\ < 1 or \g\ > 1. 
Remark 5.2. 

(1) If \g\ < 1, then the 6s-component of f^^N has a negative sign. Therefore such surfaces 
are called "downward". Analogously \g\ > 1 the surfaces are called "upward". 

(2) The normal Gauss map of a vertical plane satisfies \g\ = 1. Conversely if the normal 
Gauss map (7 of a conformal minimal immersion satisfies \g\ = 1, then it is a vertical 
plane. 

5.3. We have seen in Theorem 14 . 1 1 and Remark |4. 2 [ there exist harmonic maps into the semi- 
Riemannian symmetric space SL2C/GL1C associated to constant mean curvature surface in 
Nils. In view of Lemma EH one would expect that minimal surfaces can be characterized by 
harmonic maps into semi-Riemannian symmetric spaces associated to the real Lie subgroup 

of SL2C with Lie algebra sui^i. For this purpose we recall a Riemannian symmetric space 
representation of the hyperbolic 2-space H^. Note that the symmetric space SL2C/GL1C is 
regarded as a "complexification" of tf. Since SL2C/GL1C = SU^^/U^^. 

Let us equip the Lie algebra sui^i with the following Lorentz scalar product (■, ■)m 

(X,F)„ = 2tr(XF), X,Fesui,i. 

Then sui^i is identified with Minkowski 3-space K"^'^ as an indefinite scalar product space. 
The hyperbolic 2-space of constant curvature —1 is realized in sui^i as a quadric 

m' = {XE sui,i I (X, X)m = -1, {X, ta3)m < 0}. 
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The Lie group SUi^i acts transitively and isometrically on via the Ad-action. The isotropy 
subgroup at Z(T3/2 is Ui that is the Lie subgroup of SUi^i consisting of diagonal matrices. 
The resulting homogeneous Riemannian 2-space = SUi,i/Ui is a Riemannian symmetric 
space with involution a = Ad(cr3). 

Next we recall the stereographic projection from the hyperbolic 2-space C E^'^ onto the 
Poincare disc V G C We identify sui^i with Minkowski 3-space E^'^ by the correspondence: 



ri —p — qi \ , N TT^2 1 



1 

2 V —p + 9^ ""^^ 

Under this identification, the stereographic projection tt/i : — P with base point —i(T'i/2 
is given explicitly by 

(5.6) T^hip.q^r) = -^{p + qi). 

1 + r 

The inverse mapping of tt^^^ is computed as 



1 



Hh^z) = — (2Re(2;),2Im(2),l + |2|2) , \z\ < 1. 



5.4. Minimal surfaces in Nils are characterized in terms of the normal Gauss map as follows. 

Theorem 5.3. Let / : D — Nils be a conformal immersion which is nowhere vertical and a'*' 
the 1-form defined in ( 14. 3p . Moreover, assume that the unit normal f~^N defined in ( 13. 4p 
is upward. Then the following statements are equivalent: 

(1) f is a minimal surface. 

(2) d + a'^ is a family of flat connections on D x SUi^i. 

(3) The normal Gauss map g for f is a non- conformal harmonic map into the hyperbolic 
2-space H^. 



Proof. The equivalence of (1) and (2) follows immediately from Theorem 14.11 in view of 
Lemma 15.11 

Next we consider (2) =^ (3). Since takes values in sui^i, there exists a solution matrix to 
(14. 2 p which is contained in SUi^i. We express this matrix in terms of spinors ipi and ip2- First 
we recall that the vector = e~'^/^('?/'i, V'2) solves this equation. Since in our case now e""/^ 
is purely imaginary, it is straightforward to verify that also the vector ip* = e~'^/'^{ip2,'^i) 
solves the same system of differential equations. 

Let S be the fundamental system of solutions to the system (14.21) which has the vector ip as 
its first row and the vector ip* as its second row. Since the coefficient matrices have trace 
= 0, we know det S = constant. From the form of 5* we infer det S = |e~"'/^p(|^/'ip — |^/'2p)- 

By assumption, the normal is "upward", whence det S* > 0, see (13. 4p . As a consequence, 
after multiplying S by some positive real constant c (actually, c = 1/ -\/2) we can assume 
det (cS*) = 1. Taking into account the form of S and cS we see that cS is a solution to (14. 2 p 
which takes values in SUi^i. 
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Let F be a family of maps such that F ^dF = with F\x=i = cS and define a map by 

iV^ = ^Ad(F)a3|A=i. 

Clearly, A^^ takes values in C sui^i. Let sui^i = Ui © p denote the Cartan decomposition 
of the Lie algebra sui i induced by the derivative of a = Ad(cr3). Here the linear subspace p 
is identified with the tangent space of at the origin It is known, [2U Proposition 

3.3] and Appendix [Dl that A^^ is harmonic if and only if 

(5.7) F-^dF = \~^a[ + + Aa'/, 

where ao : TD — )■ Ui and ai : TD — )■ p are Ui and p valued 1-forms respectively, and 
superscripts / and // denote (1, 0) and (0, l)-part respectively. It is easy to check that a''', as 
defined in fl5.ip coincides with the right hand side of fl5.7p . 

In terms of the generating spinors ipi and 1^2, the map A^^ can be computed as 



Ar^--Ad(F)a3U.i-^p-^-^,^ 2.^^ -|^ip-|^r'^ 



J2 



where we set 
(5.8) 



A=l 




Applying the stereographic projection tt/j : C E^'^ — ?■ "D C C as in (15. 6 p with base point 
—ia-i/2 to A'm, we obtain 

AT ^2 
TTh O JSm = ==■ 

^1 

As a consequence, the map iTg o A^^ is actually the normal Gauss map g given in (15. 4 p and 
we have \g\ < 1, since we assumed that / is nowhere vertical and f~^N upward. Moreover, 
g can be considered as a harmonic map into through the stereographic projection. Since 
the (l,0)-part of the upper right entry of a^\x=i is non-degenerate, the normal Gauss map 
g is non-conformal. Therefore, (2) implies (3). 

Finally, we consider (3) =^ (2). By assumption we know that the normal Gauss map g 
is harmonic. Therefore a loop group approach is applicable [21]. In particular, there is a 
moving frame F which takes values in SUi^i from which g can be obtained by projection to 
SUi^i/Ui = H^. But now the result proven in the next section can be applied and the claim 
is proven. □ 

Remark 5.4. 

(1) In the theorem above we have made two additional assumptions: "nowhere vertical", 
which means no branch points and "upward". The first condition is also equivalent 
with 7^ Hence the Gauss map does not reach the boundary of H^. The 
second condition implies that the Gauss map always stays inside the unit disk, that 
is, the upper hemisphere of and never move across the unit circle to the lower 
hemisphere of S^. 

(2) The harmonicity of the normal Gauss map g for a minimal surface / can be seen 
from the partial differential equation for g, see 
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Definition 1. Let / be a minimal surface in Nils and F as above the corresponding SUi i- 
valued solution to the equation F~^dF = a^, X G S^, where is defined by (14. 3 p and F|a=i 
is given in (15. 8p . Then F is called extended frame of the minimal surface /. 

For later reference we express the extended frame associated with respect to the generating 
spinors ipi and ?/'2 for a minimal surface; 



(5.9) F{\) 



1 ( Vt Vi(A ) V2(A) 

./IMW^WW V ^ ^'2(A) VI ^i(A) 



We would like to note that the functions ipii^X) and il'2{X) in this expression are only deter- 
mined up to some positive real function. 



6. Sym formula 

In this section, we present an immersion formula for minimal surfaces in Nils. This formula 
will be called the Sym-formula. It involves exclusively the extended frames of minimal 
surfaces. We will also explain the relation to another formula for / stated in [T8] . 

6.1. We first identify the Lie algebra nils of Nils with the Lie algebra sui^i as a real vector 
space. In sui^i, we choose the following basis: 

(6.1) ^1 = ^ (_°, o) , S, = l and £3 = ^ ° 

One can see that {Si, S2, S^} is an orthogonal basis of sui^i with timelike vector S3. A linear 
isomorphism S : sui^i — ?■ nils is then given by 

(6.2) 5Ui,i 3 xiSi + X2S2 + X3S3 I — > xiCi + ^262 + xsCs e nils. 

Note that the linear isomorphism S is not a Lie algebra isomorphism. Next we consider 
the exponential map exp : nils ^ Nils defined in (12. 4p . We define a smooth bijection 
Snii : 5Ui,i — )■ Nils by Snii := exp oS. In what follows we will take derivatives for functions of 
A. Note that for A = e*^ G we have de = iXd\. 

Theorem 6.1. Let F he the extended frame for some minimal surface, m and Nm respectively 
the maps 

(6.3) m = -iX{dxF)F-' - and Nm='- Ad(F)as. 
Moreover, define a map /'^ : D — t- Nils f^ '■= '^mi ° f^ with 



(6.4) = ( m° - '-\{dxmY 



where the superscripts "0" and "d" denote the off-diagonal and diagonal part, respectively. 
Then, for each A G S^, the map f^ is a minimal surface in Nils and is the normal Gauss 
map of f^. In particular, /'^|a=i gives the original minimal surface up to a rigid motion. 
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Proof. Since m and iX{dxm'^) take values in the Lie algebra of SUi^i, the map /''^ takes values 
in Nils via the bijection E^^. Let us express the extended frame F{X) by il'ii^X) and ip2{X) 
as in (15. 9p . We note that ipii^X) and ip2{X) depend on A and for each A G S^, the extended 
frame F takes values in SUi^i. Then a straightforward computation shows that 

(6.5) d,m = Ad{F)(^-t\dxU^-'-[U\a,]^ 

= -2zA-^e"'/2Ad(F) 



1 




A-i 



-2 



Thus 

(6.6) d,m = 0i(A)^i + 02(A)^2 - #3(A)^3 

with 



0i(A) = A-MV^2(A) -^i(A)2 , 02(A) = 2A"M^2(A) +^i(A) 



and 



^0 1 
,0 



03(A) = 2A-Vi(A)^2(A). 
Thus using (16. 5p . the derivative of m with respect to z and A can be computed as 

(6.7) d,{iX{dxm)) = iXdx{d,m) = iXdx (^-2iX-^e'"/^ Ad{F) (^^ 

= -i{d^m) -[m + Nm, d^m] . 

Here [a,b] denotes the usual bracket of matrices, that is, [a,b] = ah — ha. Using (16.51) . we 
have 

[-N^,d,mY = -i{d,mY 

and 

-[m,a,m]'= (01(A) j 02(A) rf^- 02(A) j <t>i{X) E-,. 

Thus we have 

(6.8) ^_^^^^'\ ^ r _ i^^(^) r ^^^^^ ^ i .^^^^ f ^^^^^ a 



Therefore, combining (16. 6p and (16. Sp . we obtain 

dj^ = 0i(A)£:i + 02(A)£'2 + (^03(A) - ^0i(A) j 02(A) dz + ^02(A) j 0i(A) dz^ S-,. 

We now use the identification (16.21) with the left translation (/^)"^, that is, 
(6.9) (/")~'5,/" = 0i(A)ei + 02(A)e2 + 03(A)e3. 

Thus A~^/^^/'i(A) and A^/^^/'2(A) are spinors for f'^ for each A G S^. In particular, the function 

l(|A-^/^V^i(A)r-|AV2V^2(A)P)=e-/^ 
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surface 


mean curvature 


metric 


holo. differential 


support 


/(= /i) 


H = 


exp{u)dzdz 


Bdz^ 


h{dzf'\dzY'^ 




H = 


exp{u'^)dzdz 


\-^Bdz^ 


h{dzy/\dzy/^ 



Table 1. An original minimal surface / and the deformation family f^. 



does not depend on A and implies that the mean curvature H is equal to zero. Moreover, 
the conformal factor of the induced metric of is given by 

e^ = 4{\M^)\' + \Mm'- 
This metric is non-degenerate, since F takes values in SUi^i for each A G S^, that is, |'?/^i(A)| 
and |?/'2(A)| are not simultaneously equal to zero. Thus the map actually defines a minimal 
surface in Nils for each A G §^ . By the same argument as in the proof of Theorem 14.11 for 
the spinors X~^^'^^i{X) and X^^'^tp2{X), the map is the normal Gauss map for the minimal 
surface /'^. Then, at A = 1, the minimal surface given by /'^|a=i and the original minimal 
surface have the same metric e^dzdz, the holomorphic differential Bdz^ and the support 
h(dz)^^'^(dzy^'^. Thus up to a rigid motion it is the same minimal surface. This completes 
the proof. □ 

Remark 6.2. 

(1) For each A G the immersion m defined in (16. 3p gives a spacelike surface of constant 
mean curvature in Minkowski 3-space E^'^ = sui^i, see [361 |Tl]. It is well known that 
the Sym formula for constant mean curvature surfaces in E^'^(or E^) involves the first 
derivative with respect to A only, however, the formula for Nils involves the second 
derivative with respect to A as well. Purely technically the reason is the subtraction 
term. But there should be a better geometric reason. 

(2) Theorem 16.11 gives clear geometric meaning for the immersion formula for /. The 
Sym formula (16.41) for / was written down in [18] in a different way. 

In the following Corollary, we compute the Abresch- Rosenberg differential for the 1- 
parameter family in Theorem 16.11 and it implies that the family actually defines the 
associated family. 

Corollary 6.3. Let f be a conformal minimal surface in Nils ^.i^d f^ the family of surfaces 
defined by (16.41) . Then f^ preserves the mean curvature (= 0) and the support. The Abresch- 
Rosenberg differential B^dz"^ for f^ is given by B^dz"^ = \~'^Bdz'^, where Bdz^ is the Abresch- 
Rosenberg differential for f . Therefore {/'*'}ag§i is the associated family of the minimal 
surface f . 

Proof. From Theorem 14.11 it is clear that a minimal surface / in Nils defines a 1-parameter 
family /'^ of the minimal immersion / such that /'''|a=i = /, and f^ is a minimal surface for 
each A G S^. The spinors for f'^ are given as the functions A-^/2^i(A) and Ai/V2(A), see the 
proof of Theorem 14. 1[ Using (15. ip and (15.90 we obtain 

(6.10) (A-^/^^i(A)), = ]^w,{\~"^i;,{\)) + {\"^ij2{m\-^B)e-^'\ 
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Comparing fl6.10p to (13. lip , the Abresch- Rosenberg differential B^dz^ for is \~'^Bdz^. 
Moreover is holomorphic, since B is holomorphic. We note that the support function for 
is given by e^^"^ = i{\il}i{X)\^ — |'?/;2(A)p)/2, which is invariant in this family. Therefore 
this 1-parameter family is the associated family as explained in Section 14.31 □ 

Remark 6.4. In general, the metric e^dzdz = 4{\ijji{X)\'^ + \ilj2{X)\'^)'^dzdz is not preserved 
in the associated family. This is in contrast to the case of an associated family of nonzero 
constant mean curvature surfaces in or E^'^, where the metric is preserved. 

7. Potentials for minimal surfaces 

In this section, we show that pairs of meromorphic and anti-meromorphic 1-forms, the so- 
called normalized potentials, are obtained from the extended frames of minimal surfaces in 
Nils via the Birkhoff decomposition of loop groups. 

We first define the twisted SL2C loop group as a space of continuous maps from §^ to the 
Lie group SL2C, that is, 

ASL2C = {g:^'^ SL2C I gi-\) = agiX)}, 

where a = Ad((T3). We restrict our attention to loops in ASL2Co- such that the associate 
Fourier series of the loops are absolutely convergent. Such loops determine a Banach algebra, 
the so-called Wiener algebra, and it induces a topology on ASL2Co-, the so-called Wiener 
topology. From now on, we consider only ASL2Co- equipped with the Wiener topology. 

Let denote respective the inside of unit disk and the union of outside of the unit disk 
and infinity. We define plus and minus loop subgroups of ASL2C0-; 

(7.1) A''^SL2Co- = {g E ASL2C0- I g can be extended holomorphically to D^}. 

By A+SL2C0- we denote the subgroup of elements of A+SL2Ccr which take the value identity 
at zero. Similarly, by A~SL2Co- we denote the subgroup of elements of A~SL2Co- which take 
the value identity at infinity. 

We also define the SUi,i-loop group as follows: 

(7.2) ASUi,i. = [ge ASL2C I a3g{l/X)~'a3 = g{X)] . 

It is clear that extended frames of minimal surfaces in Nils are elements in ASUi 
Theorem 7.1 (Birkhoff decomposition, [39]) • The respective multiplication maps 

(7.3) A;SL2C X A+SL2C ASL2C and A+SL2C x A-SL2C ^ ASL2C 
are analytic diffeomorphisms onto open dense subsets o/ASL2Co-. 

It is easy to check that the extended frames F are elements in ASL2C0-, since and 
satisfy the twisted condition. Applying the Birkhoff decomposition of Theorem 17.11 to the 
extended frame F, we obtain a pair of meromorphic and anti-meromorphic 1-forms, that is, 
the pair of normalized potentials. 

Theorem 7.2 (Pairs of normalized potentials). Let F be the extended frame of some minimal 
immersion in Nils on some simply connected domain D C C and decompose F as F = 
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F_V+ = F^V- according to Theorem 7.1. Then F_ and F^ are meromorphic and anti- 
meromorphic respectively. Moreover, the Maurer-Cartan forms C,± of F± are given explicitly 
as follows: 



(7.4) 



Fl\z, X)dF.{z, A) = A-i dz, 
A) = F^\z, X)dF4z, A) = -as^'4z,l/X)asdz, 



where p is a meromorphic function on D, C,'L{z,X) denotes the coefficient matrix of^^{z,X) 
and B is the holomorphic function on D defined in fl3.9p . which is the coefficient of the 
Ahresch- Rosenberg differential. 

Proof. From the equality F = F-V+, the Maurer-Cartan form of -F_ can be computed as 

= FrMF„ = V+F~\dFV~^ - FV^^dV+V^^) = Ad{V+)a^ - dV+V~\ 

Since the coefficient matrix of C,- is an element in the Lie algebra of A~SL2Co- and the lowest 
degree of entries of the right hand side with respect to A is equal to —1, the 1-form C,- can 
be computed as 

where diag(u+,wj,l^) is the constant coefficient of the Fourier expansion of V+ with respect 
to A. Moreover from Lemma 2.6], it is known that F_ is meromorphic on D, and thus 
^_ is meromorphic on D. Setting p = e"/^f^, we obtain the form ^_ in fl7.4p . Similarly, by 
the equality F = -F+V^_, the 1-form can be computed as 

^+ = F~^dF+ = V-F-\dFVZ^ - FVZ^dV^VZ^) = Ad{V^)a^ - dV^Vz\ 

Since the coefficient matrix of .^_|_ is an element in the Lie algebra of A"''SL2Co- and the highest 
degree of entries of the right hand side with respect to A is equal to 1, the 1-form ,^4. can be 
computed as 

4+ - ( g ) dZ, 



where diag(f_, ?;_^) is the constant coefficient of the Fourier expansion of V- with respect to 
A. Similar to the case of from [211 Lemma 2.6] it is known that is anti-meromorphic on 



and thus ^_|_ is anti-meromorphic on D. Since F has the symmetry -F(A) = (T3F(1/A) as. 



-t-i ^t-i 



F(A) = a-sF^l/X) a-sasV+il/X) 

is the second case in the Birkhoff decomposition of Theorem I7.1[ Since the Birkhoff decom- 
position is unique, F+ can be computed as 



-t-i 



F+(A) = a3F_(l/A) as. 

Therefore, ^+ = F^'^dF^ has the symmetry as stated in (17. 4p . □ 

Definition 2. The pair of meromorphic and anti-meromorphic 1-forms ^± defined in (17.40 
is called the pair of normalized potentials. 
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8. Generalized Weierstrass type representation for minimal surfaces in Nila 



In the previous section, a pair of normalized potentials was obtained from a minimal surface 
in Nils. In this section, we will conversely show the generalized Weierstrass type representa- 
tion formula for minimal surfaces in Nils from pairs of normalized potentials. 

Step I. Let {C,-,^+) be a pair of normalized potentials defined in (17. 4p . Solve the pair of 
ordinary differential equations: 

(8.1) dc± = c±e±, 
^t-i 

where C+(2;*, A) = cr3C_(2*, 1/A) cts and the initial condition C_(2;*, A) is chosen such that 
CZ^{z^:, A)C+(2*, A) is Birkhoff decomposable in both ways of Theorem 17. 1[ 

Step H. Applying the Birkhoff decomposition of Theorem 17.11 to the element CZ^C+, we 
obtain for almost all z 

(8.2) CZ^C+ = V+V-\ 
where V+ G A+SL2C, and V. G A-SL2C,. 

Remark 8.1. 

(1) If we change the initial condition of C_ from C^{z^,, A) to U (A)C_(2*, A) by an element 
U{X) in ASUi^io- which is independent of z, then the Birkhoff decomposition for 

CI^C+ with C-{z,X) = U{X)C.{z,X) and C+{z,X) = a3U{l/X)^^a3C+{z,X) is the 
same as CZ^C+, that is, 

cz^c+ = cz^c+ = v+v-\ 

since U{X) is in ASUi^io-. 

(2) The Birkhoff decomposition (18. 2 p permits to define F = C_V+ = C+\^_. The expres- 
sions C„ = FV^'^ and C+ = FVZ'^ look like Iwasawa decompositions. However, for 
this we need F to be SUi^i-valued. That one can replace F in some open subset Dq C 
D by some F = Fk, k diagonal, real and independent of A such that F G ASUi^io-, 
will be shown below. Note however, that such a decomposition can be obtained in 
general only for z G Dq, since there are two open Iwasawa cells and if C-{z, A) moves 
into the second open Iwasawa cell, then C_{z,X) = F{z, X)uo{X)V^^{z, X) for some 
Wo (A), see [TT] . 

Theorem 8.2. Let F = C+V- = C-V+ be the loop defined by the Birkhoff decomposition in 
(18. 2p . Then V-\\=oo is a X-independent diagonal SL2C matrix with real entries. If its real 
diagonal entries are positive, then there exists a X-independent diagonal SL2C matrix D such 
that FD G ASUi^icr is the extended frame of some minimal surface in Nils around the base 
point z^,. If the real diagonal entries ofV-\\=oo df^^ negative, then there exists a X-independent 
diagonal SL2C matrix D and ujq = ( „{'-i g) such that (7+ = FVZ'^ = {FDujo)ujo{DVZ^) , 
where FDcoq G ASUi^io-, DVZZ^ G A~SL2Ccr anduj^FD is the extended frame of some minimal 
surface in Nils around the base point . 

Proof. From Step I, the solution C+(z, A) in (18. ip satisfies the symmetry 

C+{zA) = (T3C.{zMX)~\-i- 

27 



Therefore 

(8.3) V+{z, z, \)V.{z, z, A)"i = C_{z, Xy^C+iz, A) = a,'cyJJ/W^CJjJ/}^'^\^ 



a^V_{z,z,l/\) a^a^V+{z,z,l/X) a2.. 



Thus by the uniqueness of the Birkhoff decomposition of Theorem I7.H we have 



-t-i 



(8.4) V^{z,z,\) = a^V.{z,zM\) a^K{z,z), 

where K is some A-independent SL2C diagonal matrix. Let V-\x=oo = diag(w_,wZ^) denote 
the A-independent constant coefficient of the Fourier expansion of with respect to A. 
Then by (18.31) and (18.41) . f_ takes values in M and K = V^\x=oo- Since at 2;* G C, the loop 
CZ^C+ is Birkhoff decomposable, > or f_ < on some open subset © C C containing 
z*. Let us consider first the case of f _ > 0. The Maurer-Cartan form of F can be computed 
as 

F-^dF = Ad{V-^y- + V-^dV+ = Ad{Vl^y+ + VZ^dV.. 

Since the lowest degree of entries of the middle term is A~^ and the highest degree of entries 
of the right term is A, we obtain 

F-^dF = A- 7) dz + ao + X (_ ^^""J^") dz, 

where consists of the dz-part only and is computed from VZ^dV^ as 

_ ^vZ^{v^)zdz 

-vZ\v_)Jz)- 

Let us consider the change of coordinates w = p{t)dt, that is, dw = p{z)dz and div 
p{z)dz. Then 

(8.5) F-^dF = A-i ~Q^^dw + ao + x(^_l2 ^^'^""^'^ dw, 

and ao is unchanged, since vZ^{v-)zdz = vZ^{v-)wdw. Finally choosing the gauge D 
diag(w_"^^^, f^^), we have 

(8.6) {FD)~'d{FD) = A-i (~^^_, "^"'j dw + ao + X f ° ^""^'^ dw, 



with B = Bp ^ and 



^{\ogv^)wdw — l{logv^)u,dw 

-l{\ogv^)u,dw + ^{\ogv_)isdw 

Thus the Maurer-Cartan form (18. 6p has the form stated in (14. 3p . Moreover, using (18. 4 p and 
= K, we have 

-t-i 



V+{z, z, X)D{z, z) = a3K.(z, z, l/X)D{z, z) a^. 

Therefore, FD = C-Vj^D = Cj^V-D takes values in ASUi^i^ and is the extended frame for 
some minimal surface in Nils. We now consider the case of < 0. Then similar to the case 
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of V- > 0, the Maurer-Cartan equation of F is the same as in flS.Sp . Let uq = {, 
Then choosing the gauge Dcoq = |i/2 ^^^'^l ^ j "^e have 



A- 
-A-i - 



V+{z, z, X)D{z, z)uJoiX) = a;V4z, z, l/X)D{z, z)uoil/X) a^. 

Therefore, FDujq = C^V+Duq = C+V^Duq takes values in ASUijo-. Moreover ujqFD = 
uJq^{FDujo)ujo also takes values in ASUi^io- and its Maurer-Cartan form has the form stated 
in f l4.3p . Thus uqFD is the extended frame of some minimal surface in Nils. □ 



Step M. In this final step, minimal surfaces in Nils can be obtained by the Sym formula 
(see Theorem 16. ip for the extended frame F: Let m = —iX{dxF)F~^ — ^Fa^F~^ and as 



as in Theorem 16.11 Then via the identification in fl6.2p . for each A, the map = o 
gives a minimal surface in Nils. 

Remark 8.3. The normalized potential ^_ in (17. 4p generating the harmonic map associated 
with a minimal surface can be explicitly computed from the geometric data, by the so-called 
Wu 's formula as follows: 

(8-7) = A y^^^y-u,{z)+w{o)/2 Q jdz, 

where Bdz'^ is the Abresch- Rosenberg differential and e*"*^^^ is the holomorphic extension of 
^w{z,z) _ z)/lQ around the base point 2 = with the support function h. The proof of 

this formula is analogous to the original proof of Wu's formula for constant mean curvature 
surfaces in E^, see 1^. 



9. Examples 

We exhibit some examples of minimal surfaces. In our general frame work, if one change 
the initial condition of C_ from C_{z^,X) to U{X)C_{z^,X) for some U{X) G ASUi^io-, then 
the corresponding harmonic maps into are isometric. However, the associated minimal 
surfaces can differ substantially, since isometrics of do not correspond in general to 
isometrics of Nils. Since SUi^i is a three-dimensional Lie group, the initial conditions U{X) G 
ASUi^ict for each A G could yield three-dimensional families of non-isometric minimal 
surfaces. However, choosing a SUi^i-diagonal matrix, which is an isometry of Nils by rotation, 
the initial conditions in general give only two-dimensional families of non-isometric minimal 
surfaces. 



9.1. Horizontal umbrellas. Let be the normalized potential defined as 
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It is easy to compute the solution to dC_ = C_i^_ with C_{z = 0, A) = diag(v^ \ Vi)- It is 
given by 

A/7-1 . ^-1, 

C_ = 



'I —iy/i A 
y/i 



Then the loop group decomposition C_ = FV+ with F G ASUi^io- and V+ G A+SL2C0- can 
be computed explicitly: 



y/l - |Z|2 \^ZV^A^ Vi J V^^^^W \-^^^ 1 

Hence 



1 _ |^|2 \^zAz 
By the identification (16. 2p . we obtain 

= -^^r^(A"'^ + A^, z(A^ - X-'z), 0). 
1 — \z\'^ 

In this case the associated family consists of different parametrizations of the same horizontal 
plane. It is easy to see that the Abresch- Rosenberg differential of a horizontal plane is zero. 

Taking a different SUi^i-initial condition for the above C_, the resulting surfaces are non- 
vertical planes: Let J^{xi,X2) = axi + 6x2 + c be a linear function on the xiX2-plane. Then 
the graph of J-" is a minimal surface in Nils with negative Gaussian curvature 

^ 3 + 2(&-xi/2)^ + 2(a + X2/2)^ 

4{l + 2(6-xi/2)2 + (a + X2/2)2}2 " 

Then the graph of J-" is called a horizontal umbrella. 

9.2. Hyperbolic paraboloids. Let ^_ be the normalized potential 

It is easy to compute the solution dC^ = C^^^ with C_(z = 0, A) = diag(-\/i , aA), which 
is given by 

y/i ""^coshp \/i ^sinhp 
^sinhp \/icoshp 

where p = —iX'^z/A. Then the loop group decomposition C_ = with F G ASUi^io- and 
y+ G A+SL2Co- can be computed explicitly: 



C. 



(y/i cosh(p + p) \/i sinh(p + p) j y _ f coshp 

V^sinh(p + p) y/i cosh.{p + p) j ^ sinhj 



- sinh p 
sinhp coshp 



A direct computation shows that 



(p — p) sinh(2(]9 + p)) sinh(2(p + p)) + 2(p — p) 



2 \sinh(2(p + p)) — 2{p — p) —{p — p) sinh(2(p + p)) 
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By the identification fl6.2p . we obtain 

f^ = {—2i{p — p), — sinh(2(p + p)), 2i{p — p) smh.{2{p + p))). 

This is an associated family of minimal surfaces in Nils which actually parametrize the same 
hyperbolic paraboloid, that is, X3 = X1X2/2. It is easy to see that the Abresch-Rosenberg 
differential of a hyperbolic paraboloid is X~'^/8dz^. Note that a hyperbolic paraboloid X3 = 
X1X2/2 can be written as 

f{xi,X2) = exp(xiei) ■ exp(x2e2). 

Taking a different SUi i-initial condition for the above C_, the resulting surfaces are the 
saddle-type examples of [T]. They are the special case of the translational-invariant examples, 
see [31]. The saddle-type minimal surfaces were discovered by Bekkar [3], see also [32], Part 
II, Proposition 1.9, Remark 1.10]. The saddle-type one was also found by [29] as translation 
invariant minimal surfaces. 

Remark 9.1. 

(1) Fernandez and Mira formulated a Bernstein problem for minimal surfaces in Nils 
and solved it, [27]. They solved the following minimal surfaces as the solutions to 
the Bernstein problem; horizontal umbrellas, hyperbolic paraboloids and the saddle- 
type translation invariant minimal surfaces. These examples are called the canonical 
examples in [27] . 

(2) Let G be a compact semi-simple Lie group equipped with a bi-invariant Riemannian 
metric. Take linearly independent vectors X, Y in the Lie algebra. Then the map 
/ : M2 ^ G defined by 

f{x,y) = exp(xX) ■ exp{yY) 

is a harmonic map. Moreover one can see that / is of finite type (1-type in the sense 
of 



9.3. Helicoids and catenoids. We first note that in place of normalized potentials ^_ = 
q) with p, g meromorphic functions, one can also generate the same surface by 
holomorphic potentials 77 of the form 

00 

v=Yl 

i=-l 

where 772^-1 and r]2k are respectively off-diagonal and diagonal holomorphic 5(2C-valued 1- 
forms, see 



Let ?7 be a holomorphic potential of the form 

(9.1) 7] = Ddz, with D = ^ a = -b,c=^, 

where a G M^. It is easy to compute that the solution C„ to dC^ = C^t] with initial 
condition C-{z = 0, A) = id is 

C_ = exp (zD) . 

Let C_ = FV^ be the loop group decomposition of C_ with F G ASUi^io- and V+ G A+SL2C0-, 
where F takes values in the loop group of SUi^i, see [TTl Section 5.1] for the explicit de- 
composition using elliptic functions. Let z = x -\- iy he the complex coordinate and 7 
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the 2TTk translation in y-direction, that is, 7*z = z + 2iiik, A; G M. Then C_ changes as 
7*C_ = exp(27riA;L')C_. Since M = exp(27ri/c-D) G ASUi^io-, the loop group decomposition 
for 7*C_ is computed as 

7*C'„ = (MF) ■ (7*^+), MF G ASUi,i,. 

Let be the immersion defined from F via the Sym formula (16 ■4p . Then a straightforward 
computation shows that changes by 7 as follows: 

(9.2) 7*/^ = (Ad(M)m -Xy {Ad{M){iXdxm) + [X, Ad(M)m] - , 

where m is the map defined in (16. 3p . 

X = iX{dxM)M-^ and Y = iXdxX = tXdx{iX{dxM)M-^). 

A direct computation shows that M\x=i = diag(e'^*'^', e"'^*'^), 

_ / 2m(l - e^'^*'^) 

~ I -2m(l - e^^^^fc^ 



X 
and 



I _ 2 Ae^^^^ - e-2'^^^) - Awik 

By the identification ( 16. 2p . we see that this gives a helicoidal motion along the xs-axis through 
the point (—4a, 0, 0) with the angle 27rk and the pitch 8a^, see Appendix [Bl for the isometry 
group of Nils. Thus the resulting surface /'^|a=i is a helicoid. It is easy to see that the 
Abresch-Rosenberg differential of a helicoid is — 2a^A~^(iz^, a G M^. 

Choosing some appropriate ASUi^i^-initial condition for C_ above will yield a surface of 
revolution, that is, a catenoid surface. Catenoids and helicoids are not isometric in Nils, 
even though their Gauss map are isometric in H^. 

Remark 9.2. 

(1) If the parameter a in the potential (19.11) is chosen properly, then the resulting surface 
is the standard helicoid as in (]B.1|) . It is a minimal helicoid in E^, see Appendix IB. 2[ 

(2) The holomorphic potential defined in (19. ip produces, via the immersion m, a nonzero 
constant mean curvature surface m of revolution in Minkowski 3-space, [TTl Section 
5.1]. More precisely, the axis of this surface of revolution is timelike. It would 
be interesting to know what surfaces correspond to the above potential with the 
condition (a + b)"^ — (? negative with a 7^ —6, positive or zero, that is, the axis 
is timelike which is not parallel to 63, spacelike or lightlike in Minkowski 3-space, 
respectively. 

(3) To the best of our knowledge, the associated family of a helicoid gives a new family 
of minimal surfaces. All these surfaces have the same support function. 



Appendix A. Surfaces with holomorphic Abresch-Rosenberg differential 



A.l. In this appendix, we determine all surfaces with holomorphic Abresch-Rosenberg dif- 
ferential. Let TT : Nils ~^ be the natural projection defined by vr(xi, X2, X3) = (xi, X2). We 
define a Hop] cylinder by the inverse image of a plane curve under the projection vr. Hopf 
cylinders are fiat, its mean curvature is half of the curvature of the base curve. 
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It is clear from the definition that surfaces tangent to E^, are Hopf cyhnders, |5]. 

Theorem A.l. Let f be a conformal immersion into Nils Ojnd B its Abresch- Rosenberg 
differential defined in fl3.9p . If B is holomorphic, then the surface f is one of the following: 

(1) A constant mean curvature surface. 

(2) A Hopf cylinder. 



Proof. The structure equations for a surface with holomorphic B can be phrased as 

(A.l) -5iJ,-e-"'/2+V2 = ij^e"/^ 

(A.2) iw^g + e"" - \B\'^e-'" + \{H,-, + p)e-W2+«/2 = q, 

(A.3) -5/7,e-"'/2+«/2 = /7-e"/2, 

where p is Hz{—w/2 + u/2)2 or H2{—w/2 + m/2)2 respectively. Since H is real, taking the 
complex conjugate of ( 1A.1I) and inserting it into ( 1A.3I) . we obtain 

(A.4) BH.e-'^/^ = BH.e-'^/^. 

This equation holds if i? = or if = const or e"'^''^ = e""'''^. If if = const, then we are 
in case ([1]). Let us assume now H not constant. If B is identically zero, then (lA.ip and 
(lA.Sp show that H is constant. We assume now B ^ and H ^ const. Then the equation 
(!A4ll implies 6""/^ = e'^/^. Using the identity e"'/^ = -ii"e"/V2 + «/i/4, we obtain that the 
support function h = 2(|^/;ip — |^/'2p) is equal to zero, that is {tpil = \ip2\- Thus the surface 
is tangent to E3 by Proposition 13.31 and this condition is equivalent to that the surface is a 
Hopf cylinder. □ 



General Hopf cylinders are of constant mean curvature H if and only if the curvature of the 
base curve is constant and equal to 2H. Therefore the only minimal Hopf cylinders are verti- 
cal planes. In the proof of the above theorem, we have seen the case where the holomorphic 
differential B vanishes identically. This describes in fact constant mean curvature surfaces. 
From [T], such surfaces are classified as follows. 

Proposition A.2 (P]). The surfaces with identically vanishing Abresch- Rosenberg differen- 
tial are constant mean curvature surfaces and they are classified as follows: 

(1) For H ^ 0, they are spheres of revolution. 

(2) For H = 0, they are vertical planes or horizontal umbrellas. 

A.2. It is known that any two-dimensional Lie subgroup of Nils is normal (see for example 
Corollary 3.8]). Moreover all two-dimensional Lie subgroups belong to the 1-parameter 
family {G{t) \ t G RP^} of normal subgroups defined by 

(A.5) G{t) = {(xi,txi,X3)|xi,X3 e M}. 

Here the coordinate plane Xi = 0, that is {(0, X2, 2:3)1x2, X3 G M}, is regarded as G(oo). Note 
that G{0) is the coordinate plane X2 = 0. For any t ^ t', G{t) and G{t') only intersect 
along the subgroup F = {{0,0,X3)\xs G M}, that is, the xs-axis. There are no more two- 
dimensional Lie subgroups [551 Theorem 3.6-(5)]. Each G{t) is realised as a vertical plane in 
Nils. Every vertical plane is congruent to G{t) for some t G MP^. 
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Appendix B. Isometry group of three-dimensional Heisenberg group 



B.l. The identity component IsOo(Nil3(r)) of the isometry group of Nil3(r) is the semi-direct 
product Nil3(r) x Ui if r ^ 0. Here Ui is identified with = {e'^ \e eR}. 

The action of Nil3(r) x Ui is given by 

((a, b, c), e*^) ■ {xi,X2, X3) = (a, b, c) ■ (cos^Xi — sin 6x2, sin 9xi + cos 6x2, x-^). 

The Heisenberg group Nil3 itself acts on Nil3 by left translations and is represented by 
(Nil3(r) X Ui)/Ui as a naturally reductive homogeneous space. One can see that this homo- 
geneous space is not Riemannian symmetric. 

B.2. The Lie algebra iso(Nil3(r)) is generated by four KiUing vector fields Ei, E2, and 
i?4 = —X2dxj^ + Xidx2- The commutation relations are: 

[-£^4,-^1] = E2, [E4,,E2\ = —El, [El, £'2] = -£^3- 

The 1-parameter transformation group {pe} generated by -E4 consists of rotations pg = 
((0, 0, 0), e*^) of angle 6 along the X3-axis. An isometry pj^^ G Nil3(r) x Ui of the form 
Pt^^ = ((0, 0, pt), e**) is called a helicoidal motion with pitch p. In particular, a helicoidal 
motion with pitch is nothing but a rotation p^. 

Definition 3. A conformal immersion / : M — )■ Nil3(r) is said to be a helicoidal surface 
if it is invariant under some helicoidal motion. In particular, / is said to be a surface of 
revolution if it is invariant under some rotation pt. 

The standard helicoid 

(B.l) f{xi,X2) = (xi,X2,ptan~^(x2/xi)) 

is a helicoidal minimal surface in Nil3(r). In fact this surface is invariant under helicoidal 
motions of pitch p. Note that this helicoid is minimal in any E{k,, r), [1]. 

Tomter |35] studied (non- minimal) constant mean curvature rotational surfaces in Nil3. 
Caddeo, Piu and Ratto (TB] studied rotational surfaces of constant mean curvature (in- 
cluding minimal surfaces) in Nil3 by the equivariant submanifold geometry (in the sense of 
W. Y. Hsiang). Figueroa, Mercuri and Pedrosa [22] investigated surfaces of constant mean 
curvature invariant under some 1-parameter isometry groups. 

B.3. A surface / : M — )■ Nil3 is said to be homogeneous if it is an orbit of a Lie subgroup 
G of Iso(Nil3). Homogeneous surfaces are classified as follows: 

Proposition B.l ([12], cf. [33] )• Homogeneous surfaces in Nil^ are congruent to one of the 
following surfaces: 

(1) An orbit of a normal subgroup G{t) defined in (]A.5|) . 

(2) An orbit of the Lie subgroup {((0, 0, s), e**) | s,t G M} C Nil3 x Ui. 

In the former case, surfaces are vertical planes. Surfaces in the latter case are Hopf cylinders 
over circles. Thus the only homogeneous minimal surfaces in Nil3 are vertical planes. 
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Appendix C. Spin structure on Riemann surfaces 



A spin structure on an oriented Riemannian n-manifold (M, g) is a certain principal fiber 
bundle over M with structure group Spin„ which is a 2-fold covering over the orthonormal 
frame bundle SO(M) of M. In the two-dimensional case, a spin structure can be defined in 
the following manner. 

A spin structure on a Riemann surface M is a complex line bundle S over M together with 
a smooth surjective fiber-preserving map fi : E ^ Km to the holomorphic cotangent bundle 
Km of M satisfying 

for any section s oi E and any function a. One can see that E^E is isomorphic to Km- The 
complex line bundle E is called the spin bundle and the section s of 17 is called a spinor of M. 
The squaring map /i is kept implicit by writing for and st for {fi{s + t) — — 1)}/4. 
Take a local complex coordinate z on M. Then there exist two sections of E whose images 
under /i are dz. Choose one of these sections, and refer to it consistently as (dzY^'^. Under 
this notation, every spinor can be expressed locally in the form ^{dzY^'^. 

Appendix D. Harmonic maps into reductive homogeneous spaces 

D.l. Let G/K be a reductive homogeneous space. We equip G/K with a G- invariant 
Riemannian metric which is derived from a left-invariant Riemannian metric on G. 

Then the orthogonal complement p of the Lie algebra t of K can be identified with the 
tangent space of G/K at the origin o = K. The Lie algebra q is decomposed into the 
orthogonal direct sum: 

= « ©P 

of linear subspaces. We define a symmetric bilinear map U : p x p — )■ p by 

2{U{X, Y),Z) = (A, [Z, F]p) + {Y, [Z, X],), X,Y,Ze p, 

where [2^, ^]p denotes the p-component of [Z,Y]. A Riemannian reductive homogeneous 
space G/K is said to be naturally reductive if f/ = 0. In particular, when G is a compact 
semi-simple Lie group and the G-invariant Riemannian metric on G/K is derived from a bi- 
invariant Riemannian metric of G, then G/K is said to be a normal Riemannian homogeneous 
space. Normal Riemannian homogeneous spaces are naturally reductive. Note that in case 
K = {id}, G/K = G, U is related to the symmetric bilinear map {■, ■} defined in (11.91) by 

2U ={;■}. 

D.2. A smooth map / : M — A of a Riemannian 2-manifold M into a Riemannian manifold 
N is said to be a harmonic map if it is a critical point of the energy 

E{f) = llWl'dA 

with respect to all compactly supported variations. It is well known that a map / is harmonic 
if and only if its tension field triVdf) vanishes. The harmonicity is invariant under conformal 
transformations of M. When the target space A is a Riemannian reductive homogeneous 
space G/K, the harmonic map equation for / has a particularly simple form. The harmonic 
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map equation for maps into Lie groups was already discussed in Section [TJ Therefore we 
assume now that dimK > 1. 

Let / : D — t- G/K he a. smooth map from a simply connected domain D C C into a 
Riemannian reductive homogeneous space. Take a frame F : D — G of / and put a := 
F~^dF . Then we have the identity {Maurer-Cartan equation): 

da + -[a A a] = 0. 

Decompose a along the Lie algebra decomposition g = t © p in the form 

a = + ttp, G ftp G p. 
We decompose a^ with respect to the conformal structure of D as 

where aj, and a'p are the (1,0) and (0, 1) part of ap, respectively. 
The harmonicity of / is equivalent to 

(D.l) d{*ap) + [ai A *ap] = U{ap A *ap), 

where * denotes the Hodge star operator of D. The Maurer-Cartan equation is split into its 
{-component and p-component: 

(D.2) dai + ^ [at A a^] + [a'^ A a'^t = 0, 

(D.3) da'p + [at A a'^] + da'^ + [at A a'^] + [a^ A ap]p = 0. 

Hence for a harmonic map f :3 ^ G/K with a framing F, the pull-back 1-form a = F^^dF 
satisfies fiDlD . dEl and flD3D . Combining flml) and flD3|) . we obtain 

(D.4) c/ap + [«{ A ftp] = -^[ttp A ap]p + t/(ap A a'^). 

One can easily check that the harmonic map equation for / combined with the Maurer- 
Cartan equation is equivalent to the system (ID. 21) and (ID. 41) . 

Assume that 

(D.5) [a'^ A a'^p = 0, U{a'^ A a'^) = 0. 

Then the harmonic map equation together with the Maurer-Cartan equation is reduced to 
the system of equations: 

da'p + [at A a'^] = 0, dat + ^ [aj A at] + [a'^ A a'^] = 0. 

This system of equations is equivalent to the following zero- curvature representation: 

da^ + A a^] = 0, 

where a'^ := Of, + X^^a'^ + A a'^ with A G S"*^. 
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Proposition D.l. Let 3 be a domain in C and / : D — )■ G/K a harmonic map which 
satisfies the admissibility condition fID.Sp . Then the loop of connections d + is flat for all 
A. Namely: 

(D.6) da^ + ^[a^ A a^] = 

for all X. Conversely assume that D is simply connected. Let = + X'^a^ + Xa'^ be an 
-family of Q-valued 1-forms satisfying ( ID. 61) for all A G Then there exists a 1-parameter 
family of maps F'^ : D — )■ G such that 

{F^y^dF^ = and f^ = F^ mod K -.B^ G/K 

is harmonic for all X. 

The 1-parameter family {/■^Iagsi of harmonic maps is called the associated family of the 
original harmonic map / = /^|a=i which satisfies the admissibility condition. The map F'^ 
is called an extended frame of /. When the target space G/K is a Riemannian symmetric 
space with a semi-simple G, then the admissibility condition is fulfilled automatically for any 
/, since U = Q and [p, p] C t. In the case G/K = Nils >^ Ui/Ui, harmonic maps into Nils do 
in general not satisfy the admissibility condition. Note that harmonic maps into a naturally 
reductive Riemannian homogeneous space G/K satisfying the admissibility condition are 
called strongly harmonic maps in [35] • Note that all the examples of minimal surfaces in 
Nils XI Ui/Ui discussed in this paper do not satisfy the admissibility condition. 
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